mathematical model of ecosystem, stability analysis, feeding adaptation of Daphnia, optimal control problem, adaptive critic and recurrent neural network, numerical simulation ABSTRACT A model of feeding adaptation of a filter feeder in the framework of a pelagic ecosystem is constructed by modifying the simplified ecosystem model AQUAMOD for the presence of several different sized species of algae. Stability analysis of equilibria and some numerical simulation is given. It is shown that Hopf bifurcation may occur depending on filtration rate. Also the assumption that filtration adaptability represents optimization type process is incorporated. Two possible strategies were followed: an instantaneous optimality at each time interval and an integral formulation, maximization of the integral biomass. The optimal control problem is transcribed into nonlinear programming problem, which is implemented with adaptive critic neural network and recurrent neural network for solving nonlinear projection equations. Results show that adaptive critic based systematic approach and neural network solving of nonlinear equations hold promise for obtaining the optimal control with control and state constraints.
MODEL DESCRIPTION
In this paper we consider a simplified ecosystem model AQUAMOD for the presence of several different sized species of algae. The model consists of phosphorus (x 1 ) as a limiting nutrient for growth of four species of different sized algae (x 2 − x 5 ) and zooplankton (x 6 ). Similar models of n species of microorganisms competing exploitatively for one, two or more growth-limiting nutrients are used to study continuous culture of microorganisms in chemostat under constant condition (Smith et al., 1995) without any predators. The model is described by the following system of ordinary differential equation (1):ẋ
f or i = 2 . . . 5,
Functions occuring in the model are given in Tables 2  in ecological and mathematical notation, respectively. For detail explanation see (Kmet et al., 2004) . It is derived from the models of the series AQUAMOD (Straskraba et al., 1985) modified by the inclusion of several "species"of algae. Description of the light dependence of algae is highly simplified. Instead of an approximative integration of the algal growth over depth and time distribution of light intensity only a simple function g(I) is used, describing Michaelis-Menten type dependence with the halfsaturation constant for light IKM . We consider this oversimplification appropriate for the purposes of this paper. Four species of algae were considered during the computations performed: x 2 , . . . , x 5 . Each "species" is represented by a particular algal cell (or colony) volume. The volumes were set arbitrarily to (V i = 50, 500, 2500 and 5000 µm 3 ), to approximate the set of "edible" algal sizes commonly occurring in our reservoirs. The ecological parameters of the algae are considered to be the functions of V i ( (Straskraba et al., 1985) ). Table 1 gives the corresponding values used in the present simulations.
However, for other values of V i it is possible to derive the parameters from the functions P max (V i ), KS(V i ) and Resp(V i ) given in Table 3 . It is to be noted that P max corresponds to light saturation and temperature of 0 • C; for 20
• C the growth rate will be about 7.2 times higher. The high values of P RF OS are used to sim- ulate eutrophic conditions. For the filtration capability of zooplankton we assume that algal volumes selected at a given setting of the filtratory apparatus have lognormal distribution. This is identical with the "size limited predators"and the function we propose is approximately identical with the "selectivity" by this class of predators as given by (Zaret, 1980) . Table 2 : Size-specific parameters of algae
The description of selectivity E i is as follows:
where u is the value of setal density directly related to the algal diameter for which selectivity is maximal and u i is the diameter corresponding to each algal cell volume V i . The specific filtration rate of algae of different sizes (volumes) of the population adapted to certain condition, i.e., with certain values of u becomes
where a 9 is the filtration rate for algae of the optimal size, i.e., those which are filtered with the selectivity factors E i (u i ) = 1.
GLOBAL BEHAVIOR OF THE MODEL
We assume in this section that E i (u) = const. for i = 2, 3, 4, 5. We also assume that a j > 0 for We will show that under these assumptions and the effect of periodically varying environmental conditions our system has a periodic solution with the one year period (360 days). Let us denote
Denote further
It follows thatż
By variation of constants we obtain
where z 0 = x 10 + . . . + x 60 and x 0 is the initial condition of the solution
Now we will demonstrate that the solutions of the system are ultimately bounded, i.e., there exist B > 0 and T > 0 such that for all solutions x(t, t 0 , x 0 ) of the system holds that x(t, t 0 , x 0 ) < B for all t > t 0 + T , where B does not depend on t 0 and x 0 and T can depend on t 0 and x 0 . Set T = 1 for z 0 ≤ a + 1, T = (ln(z 0 − a))/b for z 0 > a + 1 and B = 3(a + 1). It evidently holds true that x(t, t 0 , x 0 ) < B for t > t 0 + T . The solutions of the system are therefore ultimately bounded. According to (Yoshizawa, 1975) there exists a periodic solution with the period of 360 days and the following proposition is true.
Proposition 1 System (1) under periodically varying environmental conditions with period 360 days has a periodic solution with the same period.
During constant density of setal (u = const.) the zooplankton captures only phytoplankton of a certain size range dependent on u. The growth of other species of algae which are not at all or only to a limited extent consumed is therefore limited by nutrients mainly. We will demonstrate that the species which is not intensively consumed by zooplankton and has therefore the best conditions for development dominates in the struggle for existence over other species.
Assume further that a i = 0 for i = 11, ..14. Derivativesẋ i for i = 2, . . . , 5 can be written in the following wayẋ
where
As follows from the shape of functions p i and s i the following holds true:
In respect to the shape of the function E i for u sufficiently large (u > u 2 )
Calculate the derivatives
In respect to (3) and (4) the following holds true
It is true that
Due to the boundedness of the solutions, x j (t) converges to zero for j = 3, 4, 5 and the following proposition is true.
Proposition 2 In respect to (2), (3) and u sufficiently large the species of algae are not able to coexist.
Remark In a similar way we can show that for x 2 = 0 x 4 and x 5 go extinct for t → ∞.
STABILITY ANALYSIS OF EQUILIBRIA
In this section we investigate the effects of an increasing filter density u under constant environmental condition. One parameter analysis of existence and stability of equilibria of (1) is carried out using filter density u as a bifurcation parameter. We consider equilibrium solutions to exist only if they lie in the nonnegative cone. Derivativeṡ x i for i = 2, . . . , 5 can be written in the following waẏ
Suppose that x 6 = 0 and a i+9 = 0, i = 2, 3, 4, 5. Then we have the following 4 equilibrium points:
, f or i = 2, . . . , 5
x j = 0, f or j = 2, . . . , 5, j = i.
Jacobian matrix at equilibrium pointx 20 has negative eigenvalues, i.e., it is locally asymptotically stable. The otherx i0 , i = 3, 4, 5 have at least one positive eigenvalue, and they are unstable. Suppose now that x i = 0 and a i+9 = 0, i = 2, 3, 4, 5. Then we have the following equilibrium point
The eigenvalues of Jacobian matrix J atx 0 are:
It follows from the simple calculation that if a 8 > rif2+d2+a6/a5Ei d1pi−rif2−d2−a6/a5Ei > 0, then equilibrium pointx 0 is unstable. By similar way as (Hsu et al., 1977) we can show that if
Suppose that b i > 0 and let us consider the existence of "interior" equilibrium points, wherex i > 0 for some i = 2, 3, 4, 5. Define
Coordinatesx 1 ,x 6 of equilibrium points are defined by the condition
For a given set of parameters and function there are ten types of equlibrium points depending on filtration rate u:
x 10 = (x 1 , 0, 0,x 4 ,x 5 ,x 6 ) ∈ R 45 . Table 1) simplified aquatic ecosystem simulating the presence of zooplankton of different body size and correspondingly different filter density u under constant environmental condition (t=120). The comparison of three figures for selected arbitrary constant values of u demonstrates that not only the size but also the number of algal species surviving in the system depends on u. For the environmental conditions specified in the given simulation experiment and u = 12 (Fig. 1 ) the algal sizes x j for j = 3, 4, 5 converge to zero and only the smallest phytoplankton species x 2 survives and the solution converges tox 20 , (Proposition 2). When u is set to 1.5 or 10.5 two species of algae are able to coexist and the solution converges to periodic orbit or tox 7 , respectively (Fig. 2,  3) . With a denser filter, the smaller algae are filtered out more efficiently; because of the nonlinear effects of algal size on ecological parameters, a broader spectrum of Table 1) species of different sizes is able to survive in the system under the environmental conditions. For the model presented with one growth-limiting nutrient we get that the model exhibits competitive exclusion, only two species of algae are able to survive. Detail analysis of similar systems is given for example in (Kmet et al., 2004) and (Scheffer et al., 2000) . Table 1 )
OPTIMIZATION
In this section we are interested in the ability of Daphnia to adapt both the filtration area and filter density to the amount and size structure of the food particles (algae) population. We assume that filtration in aquatic filter feeders is an optimal process of maximal feeding strategy. We will investigate two strategies (Kmet et al., 2004) : 1) instantaneous maximal biomass production as a goal function (local optimality), i.e., ẋ 6 = f 6 (x, u, t) → max in respect to u for all t, 2) integral maximal biomass (global optimality), i.e.,
LOCAL OPTIMALITY
In the case of strategy 1, we maximize the following function
This function attains its maximum on the interval (u 2 , u 5 ), where u 2 < u 3 < u 4 < u 5 .
GLOBAL OPTIMALITY
In case of global optimality we have the following optimal control problem: to find a functionû(t), for which
where T denotes the fixed lifetime of an individual Daphnia. We introduce an additional state variable
We were led to the following optimal control problems: Maximize
under the constraints
NEURAL NETWORK SOLUTION OF OPTIMAL CONTROL PROBLEM
Direct optimization methods for solving the optimal control problem are based on a suitable discretization of (4). Choose a natural number N and let t i ∈ [0, T ], i = 0, . . . , N, be an equidistant mesh point with t i = t 0 + ih, i = 1, . . . , N , where
N . Let the vectors x i ∈ R 7 , u i ∈ R, i = 1, . . . , N, be approximation of state variable and control variable x(t i ), u(t i ), respectively at the mesh point. Discretization of optimal control problem (4) with constraints and state equation (1) using Figure 4 : Architecture of adaptive critic feed forward network synthesis, x i -input signal to the action and critic network, u i,t , µ i,t and λ i,t output signal from action and critic network, respectively.
Euler's approximation and first order optimality condition of Karush-Kuhn-Tucker (Polak, 1997) leads to the following optimization problem: Minimize
subject to 
where the vector function
is given by (4) and by right-hand side of (1) and λ and µ are Lagrange multipliers for state and inequality constraints, respectively. To solve optimal control problem, we use adaptive critic and recurrent neural netrork. In the adaptive critic synthesis, the critic and adaptive network were selected such that they consist of six and two subnetworks, respectively, each having 6-18-1 structure (i.e. six neurons in the input layer, eighteen neurons in the hidden layer and one neuron in the output layer). The proposed adaptive critic neural network is able to meet the convergence tolerance values chosen by us, which leads to satisfactory simulation results. For detail explanation of adaptive critic neural network see (Kmet, 2009) , (Padhi et al., 2006) and (Padhi et al., 2001) . To solve equations (7) we are concerned the following nonlinear projection equation (for detail description see (Xia et al., 2007) ):
where α > 0 is a constant G :
which can be solved by the following dynamic model u(t) = −β(αF (P X (u)) + u − P X (u)). (9) A system described by (9) can be realized by a recurrent neural network with a single-layer structure. The asymptotic and exponencial stability of the present neural network in (9) are proven by (Xia et al., 2007) . Equilibrium points of (9) coincide with solutions of (8). Simulations using MATLAB show that proposed neural network is able to solve nonlinear optimal control problem with state and control constraints. Our results are quite similar to those obtained in (Kmet et al., 2004) . The results of numerical solutions have shown that optimal strategiesũ(t) andū(t), based on short or longterm perspective respectively, have different time trajectory for different values of F az (sedimentation function), T emp (water temperature) and I 0 (light intensity) (t = 120, 210). Whenū(t) is optimal (what is valid according to numerical results) then J(ū(t)) ≥ J(ũ(t)), i.e., the total biomass for the short-term perspective is smaller or maximally equal to the biomass for the longterm perspective. The numerical results have shown that the initial conditions consider J(ū(t)) > J(ũ(t)) (see Table 4 ). The higher biomass of zooplankton obtained points in the case of integral formulation towards the assumption that the organisms do better if they do not react only to the immediate changes but also develop mechanisms consistent with more long-term consideration. local J(ũ) 18.4 (Fig.5 ) 105.1 (Fig. 5 ) global J(ū) 27.9 (Fig. 6 ) 178.4 (Fig. 6) Numerical simulations have shown that dynamics of system (1) is different for fixed u and for short-term or long-term strategy, respectively. If we use optimal filtering rate, the results of short-term or long-term optimization all the species x 2 , x 3 , x 4 , x 5 survival in ecosystem (see Fig. 7, 8 ).
CONCLUSION
We considered a simple ecologycal model. One parameter analysis of existence and stability of equilibria was carried out. It is shown that the model has rich dynamics. Also a single network adaptive critic approach is presented for optimal control synthesis with control and state constraints. We have formulated, analysed and solved an optimal control problem related to the optimal uptake of nutrient by Daphnia. Using MATLAB, a simple simulation model based on adaptive critic neural network was constructed. Numerical simulations have shown that the adaptive critic neural network is able to solve nonlinear optimal control problem with control and state constraints and it explains feeding adaptation of filter feeders of Dapnia. * Acknowledgment. The author is grateful to the referee for his valuable suggestions. The paper was worked out Table 1) as a part of the solution of the scientific project number KEGA 004UJS-4/2011.
